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3 ■ Abstract. In this paper we first prove the main conjecture for imagi- 

■^C ' nary quadratic fields for all prime numbers p, improving slightly earlier 

results by Rubin. From this we deduce the equivariant main conjecture 
in the case that a certain /i-invariant vanishes. For prime numbers p \ 6 
which split in K, we can prove the equivariant main conjecture using a 
theorem by Gillard. 
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Introduction 



H \ The Iwasawa main conjecture has been an important tool to study the 

arithmetic of special values of L-functions of Hecke characters of imaginary 
quadratic fields ( [Rulj . |Kij . [Tsj . [Bl] , |JLj). To obtain the finest possible 
invariants it is important to know the main conjecture for all prime numbers 
p and also to have an equivariant version at disposal. 

In this paper we address these questions and treat the main conjecture 
for imaginary quadratic fields K in the equivariant and the non-equivariant 
setting. Our results are twofold: 

As a first theorem (see !5.2p . we prove the main conjecture first proven by 
Rubin [Rul] . |Ru2j for all prime numbers p. This improves the results by 
Rubin, who had to impose the condition that p does not divide the order of 
the abelian field defined by \. 
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The second result of our paper treats the equivariant main conjecture. We 
reduce this conjecture to the vanishing of a certain //-invariant (see 15.51 for 
the precise condition). A result of Gillard |Gij implies that the equivariant 
main conjecture is a theorem for prime numbers p \ 6, which split in K. 

It was Rubin's idea to prove the main conjecture with the techniques 
of Euler systems invented by Kolyvagin (building also on ideas of Thaine). 
Later, he (and also Kato and Perrin-Riou independently) developed the 
machinery in an abstract and conceptual way, which made it a very flexible 
and general tool. 

Our approach to the main conjecture follows the scheme of proof devel- 
oped by the second author with A. Huber in [HK| . Instead of decompos- 
ing the classical Iwasawa modules under character-wise projectors (some of 
which turn out to not be integral and lead to restrictions on p), we use 
Galois cohomology with coefficients in the Galois representations defined by 
the character \. Using this we reduce the main conjecture to the Tama- 
gawa number conjecture for number fields at s = 0. We then exploit the 
isogeny invariance of the TNC to reduce to the analytic class number for- 
mula. This approach was inspired by the Tamagawa number conjecture and 
in particular by the work of Kato. 

To treat the equivariant main conjecture, Burns and Greither had the 
happy idea that the vanishing of certain /i-invariants had the consequence 
that the decisive Iwasawa modules vanish when localized at so called sin- 
gular prime ideals (see I7.3[) . We essentially adopt this strategy but with a 
conceptual change first explained by Witte [Wij : we deduce the equivariant 
main conjecture from the characterwise one using the fact that the vanish- 
ing of the //-invariant implies the vanishing of the localized H 2 , which is 
essentially the inverse limit of the class groups. 

For the experts we like to point out one seemingly new technical feature 
in the proof. Kato had the idea that one should use the functor Det of 
Knudsen and Mumford |KMj instead of the more traditional characteristic 
ideal. We not only follow his suggestion, but we use also the functor Div in a 
systematic way. This allows us to deal in an elegant way with the reduction 
of the main conjecture to the Tamagawa number conjecture. 

The paper is organized as follows: after some notational preliminaries in 
the first section, we review the Tamagawa number conjecture for number 
fields at s = 0. The next section recalls the Euler system of elliptic units 
following the exposition by Kato in [Ka| . The fourth section introduces the 
basic Iwasawa modules and studies some of their properties. The technical 
part here is simpler than in the corresponding case of the main conjecture 
for Q, as we work here with a Zp-extension of K. This implies that some 
cohomological Iwasawa modules are automatically pseudo-null, which is not 
true in the case for Q. The fifth section formulates the equivariant (here 
called ri-main-conjecture) and the non-equivariant Iwasawa main conjecture 
(here called A-main-conjecture). The last two sections contain the proofs of 
these main conjectures. 
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1. Preliminaries 

1.1. General notations. In this paper K always denotes an imaginary 
quadratic field with a fixed embedding K — ► C and we fix an algebraic 
closure K C C. By Ok we denote the ring of integers. For each ideal 
f C Ok we consider the ray class field K(f) of modulus f and we denote by 

G(f) := Gel(K(f)/K) 

its Galois group over K. Consider for an ideal f C Ok characters 

n : G(f) -> c*. 

We will use in this paper the inverse of the usual Artin reciprocity map. 
That is, if q is a prime ideal, which does not divide the conductor of K (f), 
then we associate to it Frob~ the geometric Frobenius. Thus we get 

r/(q) =? ? (Frob~ 1 ). 

To have compatibility with the sources [Ka] and |dSj . we let a a be the usual 
Artin symbol, so that 

77(c) =r]- l (a a ). 
The conductor of 77 will be denoted by f v and we let 

G(f) := {r? : G(f) -> C*} 

be the dual group of G(f). We denote by E a number field, which contains 
the values of 77. We denote by O := Oe the ring of integers in E and we 
introduce the following conventions: 

Eoo := E ®q R and E p := E (g> Q Q p . 

In a similar way we let O p := O^z^p- Note that this is a product of discrete 
valuation rings. 

For each character 7/ : G(f) — * E* and each embedding a : E — > C we 
define the E (g>Q C ~ Hom(S, C)-valued L-function of r\ for Re(s) > 1 to be 

L(rj,s) := (...,L(aor],s),...), 

where 

L(aor,,s):= J] _ arj{p) , 
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and the product is taken over all non-trivial prime ideals of Ok- For each 
ideal n C Ok we define 



L n (ao V ,s) :=Y[ 



i _ <"?(P) ' 

P fn L N(p)« 

These L-functions have a meromorphic continuation to C and satisfy a func- 
tional equation. If 77 ^ 1 is non-trivial, the functions L{a o 77, s) have a zero 
of order 1 at s = 0. We write 

L*(r,,Q) 

for the leading term in the Laurent series at of L(r], s) as an E (ED C-valued 
function. 

1.2. The motive of a number field. For each Galois extension K C F C 
K with Galois group G := Gal(F/K), we denote by h°(F) its motive over 
if and 

M(F) := h°(F) E 

the motive with coefficients in E. Here we assume that E contains all the 
values of the characters in G. For each group G and a commutative ring R, 
we let 

R[G] 

be the group ring of G with coefficients in R. Now suppose that G is abelian. 
For a character r\ : G — ► E* we let 

be the projector onto the r/ _1 -eigenspace. The projectors p„-i decompose 
M(F) into a direct sum 

M(F) = ($M(r]), 

r;GG 

where 

Mfa):= Pir iM(iO. 
Note that if 77 factors through a subgroup C, then also p„-i factors through 
£?[G 7 ]. If G' = Gal(F'/if), then 

(1) M(r,) := Pr] -iM(F) = Pr) -iM(F'). 

This means that M(rj) is independent of the choice of the group on which 
the character 7/ is considered. The L-function of the motive M{F) is the 
Dedekind zeta function of F, 

L(M(F),s) = ( F (s) 

considered as E ®q C-valued function. Similarly, 

L(M(ri),s)=L(r,,s) 
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for each character n : G — > E* . We consider several realizations of the 
motives M(F) and the dual motive Af(i ? ) v (l) with a Tate twist. In this 
case, since the dimension of the variety is 0, M(F) V = M(F). Note that 
the dual motive of M(n) is 

M(r]) v ~M(7 ? " 1 ). 

The Betti realization is the E-vector space 

M(F) B :=H B (SpecF(C),E)~ E ~ E[G\. 

r.F-> K C 

Here the sum is over all embeddings of F into C, which agree with the fixed 
embedding of K. Also we have used the fixed embedding of F C K into C 
in the last isomorphism. 
The deRham realization 

M(F) dR := H° dR (F/K) ®q E ~ F ® Q E 

is a filtered X <8>q -E- module, and in this case, Fil (M(F) dR ) = M(i ? ) c jR. 
The etale realization for any prime number p, 

M(F) p :=H° t (SpecFx K K,E p )~ E p ~ E P [G] 

t:F^ k K 

is an Ep-representation of G&1(K/K). 

The motivic cohomology groups are defined in terms of i^-theory and we 
have H° f (M(F)) = E and HJ(M(F)) = while H° f (M(F) v (l)) = and 

F}(M(F) V (1)) = Ki(O f ) ® Z E~0* F ®z E. 

The realizations of the motives M{rf) are defined by applying the projector 
p„-i to the realizations of M(F). In particular, we have 

H)(M(nY(l))=p TI (0* F ® z E). 

Definition 1.1. Using the identification E[G] ~ M(F)b we define the 
canonical lattice to be 0[G] C M(F)b- Similarly, we consider O p [G] C 
M(F) p . This induces a canonical lattice 

0( V ):= Pr ,-i{0[G\)cM(T,) B 

with canonical generator t_B(??) :=p„-i(l) and Galois stable lattices 

Op(»7):=p,-i(Op[G])cM(i7)p 

with canonical generator t p (jj) := p„-i(l). We also define 

0(r ? ) v :=Hom (0(7 ? ),0) 

and 

O p (r ? ) v :=Hom 0p (O p (r ? ),O p ) 

and denote by tB(r]) v and t p (r]) v the dual bases. 
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Note that all these notions depend on rj and in the following way on 
G: Suppose that rj factors into r\ = rj o ir, where n : G — ► G' is a group 
homomorphism. Then tt induces a map it : E[G] — > P[G"] and one has 

7r(p„-i(0[G]))=|^-i(0[G']). 

In this sense the lattice 0(77) is independent of the group G, where rj is 
defined. 

Note also that the action of Gal{K /K) on M(F) p factors through G but 
this action is contragredient to the canonical action of G on M(F) P . This 
is the reason why M(rj) p = p ri -iM(F) p has Galois action through rj. 

1.3. The functors Det and Div. For any ring R a perfect complex is a 
complex of (left) P-modules, which is quasi-isomorphic to a bounded com- 
plex of finitely generated projective P-modules. 

We will use the graded determinant functor Det and the divisor functor 
Div of Knudsen and Mumford |KMj . Let R now be a commutative ring, and 

a perfect complex of projective P-modules. One defines Det/jP* := /\ R R P l 
as a graded invertible R- module of (locally constant) degree rkP\ The de- 
terminant of the complex P' is then the graded invertible i?-module 

DetpP- :=6?)~Det { ~ iy P i . 



Notice that the determinant depends only on the quasi-isomorphism class 
of P . Moreover, if the cohomology groups H l (P) are all perfect, one has 

h (-i) 1 



DeW 3 - = Q9Det^ir(f > ')- 

This functor is closely related to the characteristic ideal. If P is a torsion R- 
module, R a regular noetherian integral domain and Q(R) the total quotient 
ring of R, then char(P) = Det^> P. Here we identify 

Det^P c (Det^P) ® R Q{R) = Det^O = Q(R). 

Assume now that R is noetherian and let 

A : T • -f Q- 

be a map of perfect complexes on X := SpecP in the derived category. 
Let U{\) be the open set of x E X such that A is an isomorphism in a 
neighbourhood of x. The map A is called good if U(\) contains all points of 
depth 0. Knudsen and Mumford define for good A a Cartier divisor Div(A) 
on X, which has the property that the canonical map on U(\) 

Det (A) : Det (.F) \u(\)-Vet(g-) \ u{x) 

extends to an isomorphism on the whole of X 

(2) Det(A) : Det (F) (Div (A)) ~ Det(0'). 
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In particular, one has an isomorphism 0x(Div(A)) ~ Det(Q') (8> Det _1 (JF). 
One defines 

Div(jF) :=Div(0->.F), 
if —* T' is good. The functor Div has among other the following properties 
(see [KM] Theorem 3): If 

-> 3= ■ h g- A n ■ -> 

is a short exact sequence of perfect complexes such that A is good, then 
-> H is good and Div(A) = Div(W). 

If A : T' — ► G' and n : H' — ► T are good, then Div(A © n) = Div(A) + 
Div(^). In the case, where Q' = TC' one has also 

Div(> o A) = Div(/x) + Div(A). 

Proposition 1.2 ( [KM] Theorem 3). If f : Y — > X is a morphism of 
noetherian schemes, A : T' — > ^' a 500c? map on X and /or all y & Y of 
depth one /ias /(y) G U(X), then 

Lf*(\) -Lfr -^Lf*g- 

is good on Y and one has 

Div(L/*(A)) = /*Div(A). 
For more details on these functors, see [KM] . 

2. The Tamagawa number conjecture for the motive M(F) 

We now review the Tamagawa number conjecture for number fields in the 
case s = 0, which is essentially a reformulation of the class number formula. 
As in the classical case we will reduce the main conjecture to the case of 
the Tamagawa number conjecture. The extension of the Tamagawa number 
conjecture of Bloch and Kato to coefficients is due to Kato, Fontaine- Perrin- 
Riou and Burns-Flach. 

2.1. Etale cohomology. In this section M is one of the motives M{F) or 
M(rj). As usual, using our fixed algebraic closure K, we identify continuous 
Galois cohomology and continuous etale cohomology. 

In the formulation of the Tamagawa number conjecture, as well as in 
the sequel, we have need of several complexes of Galois cohomology, which 
we define following Fontaine [Foj . Fix a rational prime p, and for every 
finite place v of K, define the local unramified cohomology of M p to be the 
complex 



RT f (K v ,M p ) = { 



Deris (M p )^ D CTis (M p ) v\p 



where I v is the inertia group at v. Recall that D cr - ls {M p ) := (i? cr i s ®M p ) Kv 
carries an action of the Frobenius of B cr i s , which is denoted by <j>. Moreover, 
the tangent space (.BdR/Fil <8> M p ) Kv = for our motive. This unramified 
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cohomology is necessary to keep track of the Euler factors that arise when 
removing primes. We further define 

RT /f (K v ,M p ) := Cone {RT f (K v ,M p ) -► RT{K v ,M p )) . 

Definition 2.1. Let S be a finite set of primes of K such that M p is un- 
ramified outside of S and let j : Spec(0if[l/pS']) <^-> Spec(0i<-[l/p]), then 
the etale sheaf j*M p (resp. j*O p {ri) as defined in II. ip on Ok\\Ip\ will be 
denoted by M p (resp. O p (r])), i.e., we omit j* from the notation. 



Galois stable lattice T p C M p as 



Using this convention, the compact support cohomology is defined for any 
ilois stable lattic 

RT c (Ok[1/ P ],T p 

Cone [ RT(0 K [l/p],T p ) - RT(K v ,T p ) ®T P I [-1]. 



v I p 



Lemma 2.2. For i'f imaginary quadratic, RT(Ok[1/p],T p ), RT(K v ,T p ) 
and RT C (G k\\ / p\,Tp) are perfect O p - complexes and RT(Ok[1/p],T p ) and 
RT(K v ,T p ) have cohomology in degrees 0,1,2. 

Proof. As O p is regular, this just amounts to the statement that the com- 
plexes have finite cohomological dimension. For Ok[1/pS] this follows using 
that the cohomological p-dimension is two because K has no real place (see 
[Mi] 1.4.10). To show the statement for RT c (Ok[1/p],T p ), consider the dis- 
tinguished triangle 

RT C (0 K [1/ P S],T P ) -► RT c (0 K [l/p],T p ) -► ®KT(k{v),T*") 

ves 

where the outer complexes are perfect by loc. cit. For RT(Ok[1/p],T p ) we 
have the distinguished triangle (using purity v = z*(— 1)[— 2]) 

Q)RT(K(v),T p (-iy*[-2]) -> RT(0 K [l/p],T p ) -> RT(O k [1/ P S},T p ). 
ves 

This proves the claim. □ 

The global unramified cohomology is defined similarly as a mapping cone 
RT f (0 K [l/p],M p ):= 

Cone I RT(0 K [l/p],M p ) -► RT /f (K v ,M p ) J [-1]. 
\ "b / 

We have isomorphisms H Q AM) <8>q Q p ~ H^(Oj([l/p], M p ) and thanks to 
results of Soule an isomorphism 

H)(M{\)) ®q% ~ flJ(0 K [l/p],M p (l)) 
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given by the regulator map 

r p : H}(M(1)) -> HJ(0 K [l/p],M p (l)). 
Further, by Artin-Verdier duality, we have that 

H}{O k [1/p],M p ) ~ H}-\o K [ilv], <(i)) v > 

where v denotes the i? p -dual. Thus, we can compute i?r^(C^[l/p], M p ) in 
all degrees and get for our motives the triangle 

(3) H f (O K [l/p],M p ) - JH7(CMl/p],M p ) - fl}(0*[l/p],M p v (l)) v [-2]. 

From the above, we deduce a fourth exact triangle (note that Mb 0qQ p = 
M p ): 

(4) iZTcCOxtl/p], M p ) - #T/(CMl/p], M p ) - M>(i^, M p ) © M p . 

For later use, we note the behaviour of KT c (Ok[1/p], M p ) under addition of 
a finite set of places S. 

Lemma 2.3. Let S be a finite set of places of Ok not dividing p, then one 
has a localization sequence for any Op-lattice T p C M p 

RT c (0 K [l/pS],T p ) -► RT c (0 K [l/p],Tp) - RT f (K v ,T p ). 

veS 

Proof. This follows from the localization sequence for cohomology with com- 
pact support (see |Mij 11.2.3(d)) and the isomorphism 

RT(k(v),M^) 9* RT f (K v ,Mp) 

where k(v) is the residue class field and I v the inertia group at v. □ 

2.2. Review of the Tamagawa number conjecture for M. In this sec- 
tion we formulate the Tamagawa number conjecture for the motives M{F) 
and M{rf). Let M be one of the motives M(F) or M(rj). 
Beilinson's regulator r^ sits in a short exact sequence 

(5) -> flJ(M) %1^ M B ®qR^ #}(M v (1)) v ® q R^0. 
Recall that #}(M(F) V (1)) ^ £>£, ® z £?, and that 

M(F) B ® Q R= £«, ~ £«,[<?]. 

Then r^, is given by 

(6) 0* F ® Z E^ Soo 

r:F^ K C 

u^ ^(log|r(u)|)r, 

reG 



where |t(u)| := (r(n)r(tt)) 1 ' 2 is the usual complex norm. Note that we use 
here the Beilinson regulator, which differs from the usual normalization of 
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the Dirichlet regulator by a factor of 2. This is important to get the correct 
2-part of the main conjecture. We define the fundamental line to be the 
.E-vector space 

(7) S(M) := Det E (H° f (M)) ® E Det £ 1 (if}(M v (l))) ® E Det- l (M B ) 
By the exact sequence ©, we have an isomorphism 

tfoo : £oo ~ S(M) ®q R 

The leading term of the L-function at s = 0, L*(M, 0) considered as 
£■ ®<q C- valued function is in E^, so we can consider its image under the 
isomorphism above. 

Conjecture 2.4 (Rational Conjecture). 

T? oo (L*(A/,0)- 1 )GH(M)® Q l. 
The triangle in §%§ induces an isomorphism 

(8) # p : E(M) ®q Q p 4 Det Ep RT c (0 K [l/p],M p ), 

where one identifies Det Ep RTf(K v , M p ) = E p . Let T p be any Gal{K/K)- 
stable Op-lattice inside of M p . In the application to M{F) we will use 

T P = (B0 p ( V ). 

Conjecture 2.5 (Tamagawa Number Conjecture). For all rational primes 
p, there is an equality of Op-modules 

O p • VooC^CM.O)" 1 ) = Bet 0p Rr c (0 K [l/p],T p ) 

inside of Det Ep RT c (Ok[I-/p],M p ), which is independent of the choice of T p . 



For the independence of T p , see |BFj Lemma 5. This conjecture is compat- 
ible with enlarging p to any finite set of primes S by lemma 12.31 and hence 
coincides with the usual formulation, where one uses RT c (Ok[^/pS],T p ). 
Both conjectures hold for number fields: 



Theorem 2.6. Let F be a number field, then the conjectures \2.J\ and \K 
hold for M{F) and all primes p. 

Proof. This is actually a consequence of the analytic class number formula. 
For the proof of 12.41 we refer to [HKj Proposition 2.3.1. There are some 
differences in notation, in particular V is used for the motive called M in 
this text, and the fundamental line is denoted by Af(V). The conjecture 
12.51 is proved in |HKj Proposition 2.3.1 if p ^ 2. A proof of the case p = 2 is 
given in [It] 3.1. □ 

Remark 2.7. Note that for the motives M{rj) the conjecture 12.41 is equiv- 
alent to Stark's conjecture. 
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2.3. A reformulation of the Tamagawa number conjecture. In our 

proof of the equivariant main conjecture, we will not use the Tamagawa 
number conjecture for the motives M(F) but for certain quotients. 

Consider an abelian Galois extension L/K, with K C F C L C K and 
write Gl := Gal(L/K) and Gf '■= Gal(F/K). We consider Gf as a subset 
of Gl. Then we have a decomposition 

M(L)/M(F) ~ M(rf). 
veS L ^G F 

Here we assume that E contains all values of rj € Gl^Gf- As the Tamagawa 
number conjecture holds for M(L) and M(F) it also holds for the quotient 
motive M(L)/M(F) and we get from theorem 12.61 

Corollary 2.8. For all rational primes p, there is an equality of O p -modules 
inside o/(g)^ e g L ^g F Det Ep RT c (0 K [l/p], M(rj) p ): 

O p - # p & oo (L*(ri,0)- l )= (g) Deb 0p Rr c (0 K [l/p],O p (7i)). 

ri£G L ^G F r?g(5 L \G F 

We now give a reformulation of this corollary without using cohomol- 
ogy with compact support. This is necessary as the classical formula- 
tion of the Iwasawa main conjecture also does not mention cohomology 
with compact support. We first need to identify the O p -modules given by 
Bei 0p Rr c (0 K [l/p\,O p (r))). 

Let i] € Gl \ Gf and O p {rj) be our standard O p -lattice inside of M p (rj) 
defined in ([TIJ) . Recall that O p (r/) v is the O p -dual of O p (rj). 

Proposition 2.9 ( |HK| 1.2.10, [It] 1.15). Consider the Artin-Verdier duality 
isomorphism 

Bet Ep RT c (0 K [l/ P },M(ri) p )^BetE p M(ri) p ^BetE p RT(0 K [l/p},M(ri)^(l)) 

and the lattice O p {rf ) v C M(n) p . Then, for all p the O p -structures given 
by 

T>et 0v RTc(0 K [l/p\,O p (r,- l Y) ® Deto,,©,^- 1 ) 7 
on the left hand side and by 

Det 0pJ Rr(0^[l/p],O p (7 ] - 1 )(l)) 

on the right hand side agree under this duality isomorphism. 

Proof. The statement for p ^ 2 is [HK] 1-2.10 applied to T p = O p {n~ l Y . 
The statement for p = 2 follows from ft] 1.15 using that RT(0 K [l/p], O p (rj~ l ) y (I)) 
is concentrated in degrees < 2 and that H°(R, 02(r]~ 1 ) v ) = 0, which gives 
Det O2 H {R,O 2 (v~y) = O2. □ 

Definition 2.10. Let rj be non-trivial, so that H®AM(rf)) = 0, and consider 
the lattice 0{rj~ l ) y C M{t])b with generator t_e(ry~ 1 ) v = is (77) from II. ll 
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Then there is a unique z{rj) G H\{Al{ifj y {!)) ®q R, the ^eta element of 
M(r)), such that 

M£*fa. 0)- 1 ) = z^r 1 ® (^-Tr 1 

in (Detail) (M(?7) v (l)) Q R) ® R (Det^M(^)s ®q R). Note that 2(77) 
depends on the choice of £b(t/ _1 ) v . We also let 

z P (v) ■= Y[(i - v(p)Hv) 

p\p 

(product over places p \ p of K) be the zeta element with the Euler factors 
above p at s = removed (here we use the convention that r/(p) = 0, if r\ is 
ramified at p). 

Consider the regulator map for r] £ Gl \ Gf 

r p : H}(M{r,Y{l)) ® E E p -► H}(0 K [l/p],M(f,)^(l)). 
From theorem 12,61 we see that the sum of the zeta elements 
z( V )GH}( M(r?) v (l))® Q R 

is in fact contained in H\(® q q M(rj) v (l)) (note that we do not know 
this for the individual z(rj)). In particular, we can consider the element 

r„( z(r,)) e H}(0 K [l/p], M( V %(1)). 

r)£G L ^G F r)eG L ^G F 

We want to understand, the p -submodule in ^(OkI^/p], M(r]) p (1)) (with- 
out the f) generated by these elements. Taking determinants in the above 
identity, the sums become tensor products and we get the following refor- 
mulation of corollary 12.81 



Corollary 2.11. The O p -module 



r p (z p ( V )O p ) e §§Det Ep RT(0 K [l/p},M( V y p (l))[l], 
v v 

where the tensor product is taken over all rj £ Gl \ Gf, coincides with the 
Det 0p Rr(0 K [l/p},O p (r,- l )(l))[l}. 



O p -module 



v 

Proof. By proposition 12.91 the statement in corollary 12.81 is equivalent to the 
statement that under the isomorphism # p the O p -module 

<8> Det^(<V P (^)) O p (n~ l ) v ) (g) Bet lRT f (K p , O p (^ 1 ) v ) 

veS L ^G F p\p 
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coincides with 

(g) Det^ J Rr(O x [l/p],O p (7 ? - 1 )(l)) 0Det^O p (7 ? " 1 ) v 

The claim follows from the fact that 

Det Gp QBTfiK^Opir,- 1 ?) = ]](1 - r?(p)) 

p\p p\p 

(see [HH 1.2.5). □ 

3. Review of the Euler System of elliptic units 

In the proof of the Iwasawa main conjecture, the machinery of Euler sys- 
tems is an essential tool. In this section, we construct an Euler system by 
twisting the elliptic units by a finite order character. The general theory 
of Euler systems, invented by Kolyvagin, was further developed by Kato, 
Perrin-Riou and Rubin (alphabetical order). We follow Rubin as his ap- 
proach is closest to our setting. 

3.1. Euler systems. Rubin gives a general definition for an Euler system 
in [Ru3| . We recall this definition using much of his notation. Fix a prime 
p and let T p be a p-adic representation of the absolute Galois group of K 
with coefficients in O p , and let M denote an ideal of Ok divisible by p and 
the primes at which T p is ramified. Denote by /C := [J, j\f )=i -^"(l) the 
union of the ray class fields of conductor prime to the prime to p-part A/o of 
A/". We denote by Koo the maximal abelian Z p -extension of K unramified 
outside of p. Note that no finite prime of Ok splits completely in K^ and 
Gal(iWK) - Z*. 

Definition 3.1 ( |Ru3j Definition 2.1.1 and 2.1.3). A collection of Galois 
cohomology classes c m G ff 1 (K(m) n JC,T p ) for all ideals m of Ok is called 
an Euler system for (JC,T p ,J\f) if for every prime ideal q 

JPtFrob-^WjFrob- 1 )^ qfmAA 
I c m q I nvv . 

Here the Euler factors are given by the characteristic polynomial 

P(Frob- 1 |T p v (l);x) = det(l - Frob^xlHomo^Tp, O p {\))) G O p [x\. 

3.2. Elliptic Units. We recall the definition of the Euler system of elliptic 
units, following the treatment of Kato [Ka] section 15. 

First we recall Kato's definition of a CM-pair (E, a) of modulus m. Fix a 
non-zero ideal m of Ok, such that O k — > (Ok/vci)* is injective. Then a CM- 
pair (E, a) consists of an elliptic curve E/K' , where K' /K is a field extension 
together with an isomorphism Ok — End(.E), such that the composition 
Ok — End(.E) — > End^'(Lie(£')) = K' is the canonical inclusion, and a G 
E(K') is a torsion point, such that the annihilator of a in Ok coincides with 
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m. Any isomorphism between two CM-pairs of modulus m over K' is unique 
because O k — > (Ojf/m)* is injective. 

The main theorem of complex multiplication implies that there exists a 
CM-pair (unique up to unique isomorphism) of modulus m over the ray class 
field K(xn) which is isomorphic to (C/m, 1 mod m) over C. 

Kato constructs in [Ka] 15.4 for each o C Ok which is prime to 6 a func- 
tion J)e G 0{E \ -E[a])*, which is characterized uniquely by the following 
two properties (denote by E[a] the subgroup of elements annihilated by a): 

• The divisor of a 6 E is N(a)(0) - EpeE[ a ]( P ) 

• For each integer b, which is prime to a, one has [&]* $£ = a 0E, where 
[6]* is the norm with respect to the isogeny [b]. 

We can now define elliptic units following Kato: 

Definition 3.2. Fix a prime p and choose an integer r > 1, such that 
O k *—> (Ox/p r )* is injective. Let a be prime to 6p. For any non zero ideal 
m of Ok prime to a we define 

Cm := aCm := N K (p>- m) / K (m) a& 'e («)~ G K(m)* 

and if K C L C K(m) has conductor m 

Ql ■= N K ( m )/L(m- 

Here (E,a) is "the" CM-pair of modulus p r m defined over K(p r m). Note 
that this is independent of the chosen r > 1. We omit the auxiliary ideal a 
from the notation, whenever no confusion is possible. 

These elements have the following properties. 

Proposition 3.3. Let p r and a be as in defJnition \3.2\ then: 

(1) (Integrality) £ m £ ^K(xa) ^f P Tm ^ s divisible by two different primes 
and Cp" G ^K(p n )[^-/p]* if P Tm ^ s a power of p. 

(2) (Euler system property) For a prime ideal q C Ok such that mq is 
prime to a one has 



N K((\m)/K(m)(C 



qmj 




(3) (Independence from a) If a, b C Ok o.re prime to 6p and m is prime 
to ab let a a = (a,K(m)/K) and a^ = (b,K(m)/K) be the Artin 
symbols in G(m), then 



jsr(a)-a _ JNr(b)-<r b 

bS,m — oSm 



(4) (Relation to L-values) For any non-trivial character -q : G(m) — > C* 
(not necessarily proper) we have 

V r/(r) log |r( a Cm) | = (N(o) - r/(o)) llm s' 1 L pm (r] , s) , 

rGG(m) 
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where \z\ = (zz) 1 ' 2 (note that 77(a) = r]~ 1 (a a ) by our normalization 
of the reciprocity map). 

Proof. Observe first that the function J)e is uniquely determined by the 
norm compatibility and its divisor. Then it is clear that J)e is a twelfth 
root of the function in Chapter II of |dSj . Property 1) follows immediately 
from [dSj II. 2.4. and property 2) follows in the same way as II. 2.5. i) in 
[dSj . if one observes that w p r m = ity- mq = 1 in our case. Property 3) is [Ka] 
15.4.4 and property 4) is [Ki] (15.5.1). □ 

Corollary 3.4. Choose a prime to Qp and let K, := |L a \ =1 K(q). Then the 
a Cm G K ^ m )[l/p]* <^zZ p C H l (0 K ( m) [l/p],1 p {l)) for dim. prime to a form 
an Euler system for (/C,Z p (l),pa) in the sense of definition \3.1\ 

3.3. The twisted Euler system. Consider a character 

77 : G(f v ) -> E* 

of conductor f„. Let /C be the field extension defined in 13.41 and assume that 
a is chosen prime to f„. We wish to study a twist of the Euler system of 
elliptic units by rj. 

Consider the composition of the following two maps (J9j) and (|10l) 

(9) HHO K{hm) [l/p],O p (l)) ^l H\0 K{hm) [l/p],O p ( V )(l)), 
where we have identified 

H l (0 K(hm) [l/p],O p (l)) ® 0p O p (rj) ~ F 1 (^ (f7)m) [l/p],O p ( ?? )(l)), 
and of the trace map (for K( ^ m) [l/p\ -> K(m) [l/p\) 

(10) H l (0 K(hm) [l/p],O p (n)(l)) tVK ^ m)/Klm) : H\0 K{m) [l/p],O p (n)(l)). 
Definition 3.5. For all m prime to define 

Cm{v) ■= aCm(r?) := tr K(f?)TO ) /K(m) (C^ m <8) tp(ri)) G ^{Ok^I/p], O p {r,){l)). 

For any field K C F C K (m) of conductor m, we define 

( F (v) :=tr x(m)/F Cm(r?). 

Note that Cf(v) depends on t p {rj). 

The following proposition is shown in Rubin |Ru3j 

Proposition 3.6 ( [Ru3j 2.4.2). Let K, be as above and a prime to 6p. The 
collection 

a Cm(r?)G^ 1 (Ox(m)[l/p],Op(r?)(l)) 

for all ideals m prime to a is an Euler system for (/C, O p (r7)(l),pf r? a). 
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3.4. A compatibility. Suppose that K C F C L C K with G := Ga\(L/F) 
and let H be the quotient so that 

-> G -> Gal(L/K) -> IT -» 0. 

For later use we need a compatibility between Cf(,v) as i n definition 13.51 and 
Pn-i(Ci)- Consider the following diagram: 

SpecL ► SpecOi[l/p] 



SpecF — ^— » Spec0 F [l/p]. 

Then we have n* j* = j*tt* and 

H\0 L [l/p\3*O p (l)) ~ ff 1 ^ [l/p],j;7r,O p (l)). 

We can identify 7r*C? p (l) ~ O p [G](l), which we consider as O p (l)-valued 
maps on G. Consider the map induced by p„-i : O p [G] — > O p {rj) 

p v -i^H\0 F [l/p],j,O p [G]{l))^H\0 F [l/p],j,O p {r ] ){l)). 
We return now to our convention, to omit j* from the notation. 

Lemma 3.7. The image of Ql £ -^(^itl/pL Cp(i)) under the above map 
p„-i coincides with ( F (r]). 

Proof. We write G = Gal(L/F). The corestriction 

tr L/F : ^(Oxtl/pJ.OpC^Cl)) - ^(OHl/pJ.OpfaXl)) 

is induced by the map O p [G] ®o v Opi 7 ]) ~^ Opi 7 ]) given by 

f®t p (r])^Y,9(f(9- l )t P (v))- 

g£G 

To show the lemma it suffices to show the commutativity of the diagram 

O p [G}- >O p (ti) 

O p [G) ® Cp O p ( v ) 

where the diagonal map is given by the above formula. Writing / = YlqeG fis)^g 
where S g is the delta function at g G G, we get 

Pv-'f = ^2f(g)Prr l5 9 = C^Z r i" l {9)f{g))tp{ r n)- 

g&G g&G 

On the other hand 

X>(/Gr%(??)) = (XXjO/Gt 1 ))^)- 

geG g&G 

□ 
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3.5. Relation to zeta elements. In this section we make the relation 
between the Euler system and the zeta elements precise. This is crucial for 
the reduction of the main conjecture to the Tamagawa number conjecture. 

Let Koo = IJn>o K n be the maximal Zp-extension of K which is unrami- 
fied outside of p and where K C K n C Koo is the unique subextension with 
Galois group (Z/p n Z) 2 . 

Fix an integral ideal f x C Ok (which will later be the conductor of a 
character) . 

Definition 3.8. Let 77 : G(f x ) — ► E* be a character of conductor f„. The 
biggest n > 0, such that K n C K (f^) is called the level of 77. 

Observe that if the level of r\ is big enough, then r] is ramified at all primes 
above p, so that rj(p) = and z p (jj) = z(rj). 

Our aim in this section is to show that for characters r\ of big enough 
level Ca^ 7 ? -1 ) as i n definition 13.51 essentially coincides with the zeta element 
z p (rj). Note that 

H}(M(r,- l )(l)) = P V (0 K(M ^ E) = Pr,{0 K{h) ®z E) 

because the motive M(?7 _1 ) does not depend on the group where r\ is con- 
sidered (cf. equation ([I])). By definition and lemma [3771 (for L = K(f„) and 
F = K) 

C K (r l ) = tr K{fv)/K (Cf v ® t p (n~ 1 )) = PviCO € Pv(0 Kifv) [l/pT ®z E). 

Theorem 3.9. Let 77 : G(J X ) — > E* be a character of conductor f^ and level 
n such that 77 is ramified at the primes above p. 

a) Consider C,k{?]~ 1 ) as an dement in p r] {0 K ^ )[l/p]* ®z E). Then 
Ck{v~ 1 ) G Pv(°K( fv ) ®% E ) = BJiMir,- 1 )^)) and 

Ci^(7 ? " 1 ) = (Na-r ? (a))z p (7 ? ). 

b) For each ideal a 7^ Ok prime to 6pf v , one has Na 7^ 77(a) as auto- 
morphisms of M{r])p, so that Na — 77(a) is invertible. 

c) Consider the regulator 

r p : HJiM^Xl)) - H\0 K [l/p], M(r ? - 1 ) p (l)) 
and Zei a 7^ Oif fre prime to 6pf^. TTien 
r p (z p (7?)O p ) = (Na-r ? (a))- 1 Cx(^ 1 )O p C H l (0 K [l/p],M(r,- l ) p {l)). 
In particular, the element Citiv^ 1 ) * s n °t torsion inH (Ok[1/p\, O p (t]~ 1 )(1)). 
Proof, a) Recall that z{n) £ HJ (M (r]) v (1)) ® Q 1^ i7)(M(? 7 ^ 1 )(l)) ® Q R. 
By definition the element z(rj) <8> £_b(t7 _1 ) v is the one which maps to L*(r7, 0) 
under i?" 1 . Consider (k(v~ 1 ) e Pvi^Kfi )[l/p]* ®z -£)• We first show that 

p,(Cf„) e P^(O^) ®z #) = J ff}(M(^ 1 )(l)). 

if 77 is ramified at all places above p. If f„ is divisible by at least two different 
primes, then by 13.31 £f is already in 0* K <, ■, ®%E. By our assumption p k \ f v 
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for some k > 1. This implies that Cf v can be only a non-unit if f = p for p 
the only prime above p. Consider the exact sequence 

(product over all places v \ p of K(f v )). As a G-module the product Y\ v \„ E — 
E[G(f v )/D v ], where D v is the decomposition group at v. The fact that r\ is 
ramified at v implies 

Vr,\{E = U 
v\p 

and the above claim. To show the assertion in a) it suffices to compute the 
regulator r^ because this is an injective map. With the explicit form of the 
regulator r^ in © we get using 13.31 (4) : 

roc((K(v- 1 ))=Pv E (log k(Cf,) l)r 

= E v(r)(log | r(C f ) Dtaiv' 1 ) 

r6G(f,) 

= (Na-r ? (a))lims" 1 L pf7; (?7,s)t i j(?]" 1 ). 

As p divides f v we get L pfri (r},s) = L fri (rj,s) = L(rj,s) and 0(77) = z p (rj). 
Thus, r 00 (C/<(??~ 1 )) = (No - 7?(o))L*(7?,0)t jB (?r 1 )- On the other hand 

r oo (z( V ))=L*(n,0)t B ( V ~ l ), 

so that Ck(v 1 ) = (No — r)(a))z(r)) = (No — ry(o))z p (r/) as r^ is injective. 
This implies a). 

b) This is clear as 77(0) is a root of unity and No is not. 

c) From a) and the choice of we get 

r P (0c(rT X ))O p = (No-r ? (o))r p (z p (r ? ))O p . 

□ 

Let K n (f x ) := K n K(f x ) be the compositum of K n and K(j x ) and write 
G n (f x ) := Gal(K n (f x )/K). 

Combining the above theorem 13.91 with corollary 1 2 . 1 1 1 for L = K n (f x ) and 
F = K n -i(f x ) one gets: 

Corollary 3.10. Let n be so big that all rj G Gr n (jv) \ G n _i(f x ) are ramified 
at all primes above p. Let a be as in theorem \3. ffl then the Op-module 

{m-n{a))- l C K (r,- l )0 P C ®)Vet E l RT(0 K [l/pl M(<(1)), 
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where the tensor product is taken over all rj € G n (f x ) \ G n _i(f x ), coincides 
with the Op-module 

Vzt- l RT(0 K {l/plO p (r l ){l)). 

4. IWASAWA MODULES 

In this section we introduce the basic Iwasawa modules we want to study 
and state some of their properties used later. 

4.1. The Iwasawa algebras A and Q. Consider inside K(p°°) := U n >i K{p r ' 
the maximal Zp-extension K^, of K, so that 

T := GsdiK^/K) ~ Zj. 

We denote by K C K n C -ftToo the unique subextension with Galois group 
G n := l? v jp n l? v . For an ideal ^ f C O k we define 

(11) a f := Gal(^(fp 00 )/K). 

We denote by A C Qi the torsion subgroup and fix once for all a splitting 

<? f ~ A x r. 

For each profinite group Q = lim Q jli we define its Iwasawa algebra to be 
the inverse limit 

A(G) := lim Zp[G/H]. 
Hcg 

Two Iwasawa algebras are especially important in the sequel: 
Definition 4.1. The Iwasawa algebra for T is denoted by 

A:=A(r), 

which is (non-canonically) isomorphic to Z p [[T, S]]. The Iwasawa algebra 
for Qf is denoted by 

n-.= A(g f ), 

which is (non-canonically) isomorphic to 

n^Z p [A][[T,S]]. 

We also let Aq := A®% p O p and VLq := Vt®j Jv O v be the Iwasawa algebras 
with coefficients in O p . 

Both Iwasawa algebras A and Q carry a natural action of G&1(K/K), 
which acts through its quotient T (resp. Qf) by the canonical inclusions 
T C A* (resp. Qt C fi*). The Gal(^/^T)-module A is unramified outside 
of p and £1 is unramified outside of fp. Note that A and £1 are products of 
local rings so that we can apply the Nakayama lemma to each component 
of A and f2. 
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4.2. The basic Iwasawa modules. Fix an integral ideal f and let = 
A(£7j). Let r\ be a character of conductor f^ | f and O p {r\) the associated 
Op-module with Gal^/if )-action by n as defined in 11.11 The action on 
O p {rj) is unramified outside of pf^ and factors through Qy In particular, 
O p (rj) is an f^-module and by restriction also a A^-module. 

Recall that we consider O p {rj) as etale sheaf on Ok\\/p\ via the map j : 
Spec(Oif[l/pf^]) ■— > Spec(C?A-[l/p]) and that we omit j* from the notation. 

Definition 4.2. For the Iwasawa algebra A let 

A(r?) := O p {r,) ® Zp A 

considered as etale sheaf (of A^-modules) on Spec(0x [1/p]). We also use 
the notation A(r/)(1) := A(r?) (g) Zp Z p (l) and 0(1) := O ® Zp Z p (l). 

We have 

(12) H i (0 K [l/p],Mv))= l™ ^(0^[l/p],0 P (r?)) 

and 

(13) H l (0 K [l/pf],n(l)) = lim ^(0 F [l/pf],Z p (l)). 

KCFC-RTfa 00 ?) 
In particular, 

(14) H (O K [l/pf],n(l)) = = H (O K [l/p],A(r,)(l)). 

Here the (left) A^j-module structure on i? J (C/<[l/p], A(r/)) is induced by 
multiplication with the inverse on A, so that 7 E T acts on A(r/) via ?7 _1 (7) 
(see [HoKij Appendix B for details). We consider also the cohomology with 
compact support 

(15) Hl(0 K [l/p],A( V )) 
and the local cohomology groups 

(16) H\K v ,A(n)) 

and similarly for 0(1). These A^-modules (resp. O-modules) are the ba- 
sic Iwasawa modules, which are involved in the formulation of the main 
conjecture. 

We collect some information about these Iwasawa modules. The following 
lemma will be often used without further comment. 

Lemma 4.3. Let Kq be the basic Iwasawa algebras with coefficients in O p . 
Then the complexes of Kq -modules 

KT(0 K [l/p],A(n)(l)), Rr c (0 K [l/p},A(r,)(l)) and RT(K V , A(r?)(l)) 

are perfect. The same statement holds for the complexes of £1 -modules 
RF(0 K [l/pj},n(l)), RT c ((D K [l/pf}Ml)) and RT(K v ,n(l)). 
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For all primes \\p of K one has 

r> * d-t trn Af \n\\ A 1 ~ ^(O^obf 1 ) -1 ^ if f] is unramified at I 
Det Ao RT Kit) {0 Kl , HvK 1 )) = < A dge 

where Frob^ 1 G Ga^K^/K) is the inverse of Frobenius at I, k(1) is the 
residue field at I and RT K ^(OK ( ,A(rj)(l)) is the complex which computes 
the cohomology with support in k(1). 

Proof. The first statement and the second statement for 0^[l/pf] follow 
from |Fu-Ka| 1.6.5 (2). Using the localization sequence 

RT K{[) (0 Kl ,A( V )(l)) - RT(0 K [l/p],A( v )(l)) - RT(0 K [l/pf],A(n)(l)) 

it suffices to consider RT K ^(OK i ,A(rj)(l)), where n(l) is the residue field of 
I. By purity this is isomorphic to RT(k(1), A(rj) l )[— 2], where /[ is the inertia 
group. If 7] is ramified at I, I\ acts non trivially and one gets A(rj) I[ = 0. 

l-ry([)Frob | " 1 

Otherwise the complex is represented by (Aq ► Ae>)[— 2], which 

is obviously perfect and has the right determinant. □ 

The following lemma is true in much greater generality (see |Fu-Kaj 1.6.5 
(3)) but is stated here only in the case we need. 

Lemma 4.4. One has 

o p ®\Rr(o K [i/ P ],A( v )(i)) ^ Rr(o K [i/pio p ( v )(i)). 

In particular, one has a spectral sequence 

Tor* (O p , H s (0 K [l/p],A(r))(l))) ^H s - r (0 K [l/p},O p ( V )(l)). 

Proof, (compare lemma I2T2]) . This is shown for Ok\\/pS\ in [Fu-Ka| 1.6.5 
(3). With the distinguished triangle 

^RT(K(v),A(n)^)[-2] - RT(0 K [l/p},A(r,)(l)) - RT(p K [l/pS\,A{ V )(l)) 

ves 

the result follows in general. □ 

Consider the triangle for cohomology with compact support 

RT c (0 K [l/p], Afa)(l)) - RT(0 K [l/p], A(r/)(1)) - @RT(K V , A(r ? )(l))0A(r / )(l). 

v\p 

For the computations of some Iwasawa modules, we need a local duality 
result: 

Proposition 4.5. Let T p be a finitely generated projective Ao-module. Let 
T* := Hom cont (T p , E p /O p ). If ' T p has a continuous Gal(K v / K v )- action one 
has an isomorphism 

RT(K V ,T P ) ~ RRom 0p (RT(K v ,T;(l)),E p /O p )[-2}. 



22 JENNIFER JOHNSON-LEUNG AND GUIDO KINGS 

Proof. This isomorphism is just a reformulation of the classical duality the- 
orem ([Mil I 2.3.). □ 



Lemma 4.6. The modules 

H 2 {K V , Afa)(l)) andtf 2 (i^,ft (l)) 

for v | p are finitely generated Op-modules. In particular, they are Aq- 
pseudo-null (resp. Vto-P seu do-null) . 

Proof. The surjective map £Iq —> A(rj) induces a surjection 

H 2 (K V ,Q {1)) ^ H\K V ,A{ V )(1)) 

and it suffices to proof that H 2 (K V , Qo(l)) is a finitely generated p -module. 
We have 

H 2 {K v ,n (l)) ^ KmH 2 (K v ® K K(p n f),O p (l)) ~ p [[0 f /A,]] 

where -D„ is the decomposition group in Qf, because by local duality 
H 2 (K v ® K K(p n f),O p (l)) ~ H°(K v ® K K(p n f),E p /O p )* ~ p [Gal(ir(p n f)/lO/A,,»] 

where -D„ in is the decomposition group of ^ in i^(p n f). If p is inert or 
ramified in ET, the ramification group of v has already finite index in Qt and 

the claim follows. If p = pp' splits in K and we decompose ATqo = K^K^o, 
with i^, (resp. AJo) the maximal unramified outside of p (resp. outside of 
p') subextension, then p is totally ramified in K^o and finitely decomposed 
in K^o (see |dSj II 1.9). Similarly for p' and it follows that in both cases 
Qf/D v is finite. □ 

We finally study the operation of twisting with a continuous character 

e : r - o;. 

Lemma 4.7. Let g : T — > O* be a continuous character and consider A(g). 
Then there is an isomorphism of Qdl(K / K) -modules depending on the gen- 
erator tp(g) ofOp(g) 

A a ~ A(g) 
given by 7 1— ► 7 ® Q{l)t p {g). In particular, one has isomorphisms 

IP(Ok[1/p],A(v)) * H\0 K [l/p],A{ V g)) 

for all i > 0. 

Proof. As Ao ~ A(^) is obviously an isomorphism of Gal(^/AT)-modules, 
the statement follows. □ 
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5. Statement of the two main conjectures 

Recall the definition of the Iwasawa algebras A and Q, from 14.11 We will 
formulate in this section two main-conjectures. One for the ring A, which 
corresponds to the statement of the main conjecture decomposed into char- 
acters, and another for the ring Q, which is elsewhere called the equivariant 
main conjecture. 

The fi-main-conjecture is apparently stronger because it is an equivariant 
statement, which does not involve any characters. Nevertheless, we will 
deduce the O-main-conjecture from the A-main-conjecture for all O p {rf) by 
a simple observation, which is inspired by the work of Burns-Greither |BGj 
for the cyclotomic case and was first explained by Witte in [WiJ. 



5.1. Preliminary notations. Fix an integral ideal f C Ok and define f2 
and A as in 14.11 For each integral ideal a, which is prime to 6pf, we denote 
by 

a a G r^o resp. a a G Aq 

the Artin symbol (o, K(p°°f)/K) resp. (a, K^/K) if no confusion is possible. 
The elements Na — a a G Qq resp. in Aq are no zero-divisors as their images 
under the canonical maps 

&o -*■ O p (rj) resp. A a -> O p (r]) 

(mapping 7 G Gf to ^(7)) are given by No — n~' 1 (a), which is invertible in 
O p (rj) ®o p E for all non-trivial characters r\ of finite order. Denote by 

Jn resp. Js. 

the annihilator of fipoo^K^p 00 ^)) resp. /i p °o(i^oo) in ^ resp. A. It is easy to 
see that Jq, resp. Jt^ is generated by No — a a for all o prime to 6pf. Note 
that Js\ (resp. J\) can also be described as the kernel of the map Q — > TL V 
(resp. A — > Z p ) induced by the cyclotomic character (resp. the restriction 
of the cyclotomic character to T). This implies that £1/Jq and Aj J^ are 
isomorphic to Z p and are hence pseudo-null modules. In particular, for all 
prime ideals qcfi resp. q C A of height 1, 

(Jh)q Si («) q resp. (Ja)c, * (A) q . 

Lemma 5.1. The ideals J$\ C 0, resp. J7a C A are perfect 0- resp. A- 
modules. 

Proof. As A is regular, the quotient A/ J\ is perfect and the statement is 
clear in this case. For fl = Z p [A] [[T, S]}, write A = A' x A", where the order 
of A' is divisible by p and the order of A" is prime to p. Then the cyclotmic 
character f2 — ► Z p factors through the regular ring A := Z P [A"][[T, S]]. Note 
that A is a quotient of f2 but also a direct summand. In particular, A is 
projective as fi-module. Let A — > Z p be given by the cyclotomic character. 
As A is regular, this has a finite resolution by free A-modules of finite rank, 
so in particular by projective fi-modules. This implies that Jq, as the kernel 
of Q — > Z p is also perfect. □ 
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5.2. The A-main-conjecture. Consider a character \ : G(f x ) — » HJ* of 

conductor f x and fix o prime to 6pf x . In definition 13.51 we have defined 

elements 

a C Kn (x) £ H l (0 Kn [l/p],O p ( X )(l)), 

which are part of an Euler system in the sense of definition 13. 1L Note that 

we retain the subscript o for this element for the remainder of the paper. In 

particular, these elements are norm compatible in the i^oo-direction and we 

can define 

B C(X) := HniaC^W <= H\O k [1/p], A( X )(1)). 
n 

We define 

(17) C(X) := (Na-a a )~ 1 a C(x) e ^((^[l/p], A( x )(l)) ®a Q(A c ), 

where Q(Aq) is the total quotient ring of A©. Using proposition 13.31 (3) this 
element is independent of o and by definition it satisfies 

(Nfl-a a K(x)e^(^[l/p],A( X )(l)). 

We consider the submodule Ja(C(x)) C i? 1 (O^ [1/p], A(x)(l)). Recall that 
C(x) depends on our choice of a generator £ p (x) of the lattice O p (x)- By 
definition we have 

Ao(aC(x)) C Ja(CW) c ^(^[Vp], A(x)(l)) 

and i7a(C(x)) is generated by the C(x) f° r an a prime to 6pf x . This inclusion 
induces a morphism of perfect complexes 

*x = Ja(COO) - HT(Ojc[1/p], A(x)(l))[l]- 

Theorem 5.2 (Main-Conjecture). For each character \ : G(f x ) — ► F* o/ 
conductor f x 

1) H°(Ox[l/p],A(x)(l))=0. 

2) ^((^[l/p], A(x)(l)) has A a rank 1 and 

H\0 K [l/p],A( x )(l))/J A (ax)) 
is torsion. 

3) if 2 (0x[l/p],A(x)(l)) is a A -torsion module. 

The map k x is good in the sense of Knudsen and Mumford (see \1.3\) and 
has divisor ~Div(k x ) = 0. In particular, k x induces an isomorphism of Aq- 
modules 

k x : Det Ao (iT 1 (0^[l/p],A(x)(l))/J A (C(x))) - Bet Ao H 2 (0 K [l/p},A( X )(l)). 

This theorem will be proved in section [6l Note that the statement is for 
all primes p with no exceptions. 

Corollary 5.3. Suppose that f x | f and consider the image of C(x) * n 
H l {0 K [l/pj],A(x){l)) and let 

C(x,f)== II t 1 " x(0^obf 1 )C(x)- 

[|f,ifp 
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Then the inclusion 

~k x ■ JA{C(x,f)) - RT(0 K [l/pf],A(x)(l))[l}. 
is good in the sense of \ 1 . 3\ and induces an isomorphism of Kq -modules 
k x : Det Ao (H\0 K [l/rfl A(x)(l))/^A(C(x,f))) - Bet Ao H 2 (0 K [l/pf], A( X )(1)). 
Proof. This follows from the theorem, the localization sequence 
RT K{i) (0 K[ ,A(x)(l)) - RT(0 K [l/p},A( X )(l)) - i2T(0* [1/pf], A( X )(1)) 

and the fact that by lemma FOl 

Det Ao i?r K(() (0^,A( X )(l)) = A (l -^(OFrob- 1 )- 1 . 

□ 

Remark 5.4. Observe that our formulation here follows |HKj and is differ- 
ent from the classical approach by Rubin. Rubin decomposes the Iwasawa 
modules into x- e ig ens P aces ) we use instead cohomology with coefficients in 
O p (x)- This approach avoids many problems with the x- e ig ens P aces an d is 
very close to the spirit of the Tamagawa number conjecture. 

5.3. The O-main-conjecture. We are ultimately interested in an equivari- 
ant version of the A- main-conjecture. Recall that O = A(£/f). We admit the 
following hypothesis. 

Conjecture 5.5. Let q be a height one prime ideal of O containing p, then 

H 2 (o K [i/pf],n(i)) q = o. 

This conjecture is essentially equivalent to the vanishing of the /i-invariant 
for the maximal abelian Z p -extension of K^. Using results of Gillard, we 
show in 15.121 that this conjecture holds for primes p \ 6, which are split in 
K: 

Theorem 5.6 (see corollary 15. 12|) . In the case that p \ 6 splits in K/Q, 
Conjecture 15.51 is true. 

Recall the Euler system of elliptic units presented in section [321 Consider 
for a prime to 6pf 

„C(f) := limU^) € H\0 K [l/p^n{\)). 



Define as in (JTj 

C(f) := (Na - a )-V(f) € H\0 K [l/rf\,toQ)) ®n Q( n ), 

where Q(Cl) is the total quotient ring of 0. Note that ("(f) is again indepen- 
dent of o. We have by definition 

l 7n(C(f))c^ 1 (^[lM],0(l)) 
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and j7h(C(f)) is generated by the C(f)- Consider the inclusion of perfect 
complexes 

Kf - MC(f)) ^ Rr(o K [i/ P f},n(i))[i]. 

Theorem 5.7 (Equivariant Main Conjecture). Fix an non-zero ideal f C 
Ok ■ Then 

i) H°(o K [i/ P f],n(i)) = o 

2) J ff 1 (0 A -[l/pf],fi(l)) has n rank 1 and 

H\0 K [l/p^m)Unm) 
is torsion. 

3) -£f 2 (0/<[l/pf], fi(l)) is an VL-torsion module. 

Assume conjecture 15.51 i.e., i7 2 (0K-[l/pf],fl(l))q = for all height one 
prime ideals with p G q, i/ien £/ie map «* is good in the sense of \1.3\ and has 
divisor Div(Kj) = 0. In particular, Kt induces an isomorphism of£l-modules 

Det Q (H\0 K [l/pf],n(l))/Maf))) ^Detn (iJ 2 (O K [lM],0(l))) . 

Note that conjecture 15.51 holds by corollary 15.121 for all prime numbers 
p \ 6, which split in K. 

This theorem will be proved in section [3 

5.4. Relation to the classical Iwasawa main conjecture. Recall that 
ft ~ 7i p [A][[S, T]] and let us assume that the order of A is prime to p. This 
implies that Qq decomposes 

no ^ n a ^)- 

Moreover, this decomposition is given by the projectors p x -i, which are in 
this case are already defined over O p (note that the image of 5 e E Zp[A] 
under the projector p x -i is t p (x))- In particular, A(x) = A <g>z p O p (x) an d 
Qe> is a product of regular local rings. Note also that by [Wi| 3.6. i) in this 
case the complex RT{0 k[^ / p]-,^o{^)) (without f) is also perfect. 
Using the above decomposition we get 

p x -,H\0 K [l/p},Slo(l))^H\0 K [l/plKxm)- 
We define as usual 

Ax, := limPic(Oyfpnp) ®i Z p 

n 

£00 := lim K(j>n ^ <g> z Z p 



£ L :=] ^0 K{p u f) [l/p]* ® % Z. 



v 



Note that Jh(C(f)) C S'^. If In C $7 denotes the augmentation ideal we have 
in fact J n Jh(C(f)) C £«,. The quotient Jh(C(f))/^hJh(C(f)) is pseudo-null. 
The elliptic units Coo C £oo defined by Rubin in [Rul| are (up to torsion) 
the fi-submodule generated by Zo,j7h(C(fl)) for all integral ideals q | f. 
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The relation of the above Iwasawa modules to the ones used in this paper 
is given as follows: 

Lemma 5.8 ( [BGj 5.1., |Wij 4.1 and 4.2). One has an isomorphism 
and an exact sequence 

o - Soo - e'n -+ o p [[g f /D v ]] - ^ -» 

v\p 

- H 2 (0 K [l/p],tt(l)) -4 0O p [[6 f /D„]j - O p - 0, 

where D v is the decomposition group at v. 

Note that ©„i p Op[[^f/-D«]] is a finitely generated O p -module (compare 
lemma |4"U|) as there are only finitely many primes above p in K (p°°f). In par- 
ticular, it is a pseudo-null fio-module. Consider now in each H [Ok\)-/p], A(x)(1)) 
the sub-module 

(Wa(C(x))) c ^ 1 (Ok[i/p],a(x)(i)) ^ r i4 

(more traditionally one writes £'^ X = p x -i£' 00 etc.). Here C(x) is as m 
theorem 15.21 Then theorem 15.21 gives a canonical isomorphism 

Det Ao (p x -i£oo/ZaJa(((x))) - Det Ao (p x -iA») , 

which holds with no restriction on p besides the fact that p is prime to the 
order of A. 

5.5. Conjecture 15.51 and the vanishing of the ^-invariant. In this 
section we show that the results of Gillard |Gij imply the conjecture 15.51 for 
p \ 6, which are split in K. 

Assume that p = pp 1 in K and let K C Kto C K^ (resp. K%o) be 
the Zp-extension of K, which is unramified outside of p (resp. p'). Recall 
from (jlip that we fixed a splitting Qt ~ A x T and define L/K such that 
Gal(L/K) ~ A. Let Foo := LK^ be the compositum, then Gal^/A) = 
A x Gal(K^/K) and 

G f * Gel(K&/K) x Gal^oo/A"). 

Define H := Gal(K(fp 00 )/F 00 ) ^ Gal^/A) ^ Z p , so that 

(18) -► W -> a f -> Ga^Foo/A') -► 

is exact. 

Let Moo be the maximal abelian Z p -extension of Fqo, which is unramified 
outside of p. Gillard proves: 

Theorem 5.9 (Gillard |Gij 3.4.). Let p \ 6 be split in K. The group 
Ga^Moo/i^oo) has no Z p -torsion. In particular, it is a finitely generated 
Tip-module. 
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We want to apply this theorem to prove conjecture 15.51 i.e., we want 
to show that H 2 {O k\\ I P*\\, ^(l))q = f° r an height one prime ideals with 
p G q. Note first that we can make the flat base change to O p . We study 
J ff 2 (0^[l/pf],A (Gal(F 0O /^:))(l)), where A (Gal(F 00 /K)) is the Iwasawa 
algebra of G^F^/K). 

Let 

^(Foo) := lim(Pic(0 F J ® z O p ) 

n 

be the inverse limits of the class groups of the fields F n := K n L so that F^ = 
\J n F n . Then ^4(Foo) is a Op-module, which is a quotient of Ga^Moo / .Foo)<8>Zp 
O p . The above theorem implies that A(F oc ) is a finitely generated Op- 
module. 

Corollary 5.10. With the above notations 

i/ 2 (OK[lM],A (Gal(F 00 /F))(l)) 

is a finitely generated O p -module. In particular, H 2 (Ok[^/pJ], ^o(l)) is a 
finitely generated Ao(H) -module. 

Proof. As in lemma I5T81 one has an exact sequence 

^(Foo) - J H' 2 (0 /< [l/pf],A o (Gal(F 0O /K))(l)) -» O^G^F^/K)/ D v }} 

w|pf 

where D v is the decomposition group. As p splits in K, all primes not 
above p are finitely decomposed in Fqo (see |dSj II 1.9) and p is com- 
pletely ramified in K^. It follows that the H 2 (K V , A c ,(Gal(F 00 /K))(l)) = 
OpHG&^Foo / K) / D v ]] are finitely generated Op-modules. We consider now 
H 2 (0 K [l/pf],n (l)) as a compact A (H)-module. Using |Fii-Ka] 1.6.5 (3) 
one sees that 

H 2 (0 K [l/pf},n (l)) ® Ao{H) Op ~ H 2 (0 K [l/pf], A (Gal(F 00 /F))(l)). 

It follows from Nakayama's lemma (see jNSWj 5.2.18) that H 2 (0 K [l/pf], o (l)) 
is a finitely generated Ao(7Y)-module. □ 

We conclude with the following general structure result. 

Lemma 5.11. Let M be an ^la-module which is finitely generated as Kq{TL)- 
module. Then for any height one prime ideal q C £lo with p € q, one has 

M q = 0. 

Proof. Let M := M/qM, O := VL /(fto- We denote by «(q) the residue 
class field of q. By Nakayama's lemma it suffices to show that 

M q /qM q = M^ K (q)=0, 

By the exact sequence (fTKj) . we have VLq ®a g (w) @p — Ao(Gal(F 00 /i ; f)) and 
we let 

/ := ker(0 o -> A (Gal(F 00 /K))). 
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By our assumption, M/IM is a finitely generated p -module. Identify 
Ae>(Gal(Foo/A')) ~ O p [A][[u]] and choose u &Q,q mapping to u G O p [A] [[«]]. 
Note that u ^ q as otherwise p, u G q and q could not have height 1. We 
show that 

M^fipT 1 ] =0, 

which gives the desired result, as fipu -1 ] C «;(q). Let I := I/ql C Q. As 
p G q the ^-module M/IM is finitely generated p /p0 p -module, hence a 
finite group. This implies that there is an integer k such that u k (M/IM) = 
u +1 (M /IM). As u is in the radical of f2, Nakayama's lemma shows that 
u k (M/IM) = 0. This shows (M/IM) tg)^ Q/IOfu- 1 ] = 0. As 7 is in the 

radical of ^[-u" 1 ] Nakayama's lemma implies that M ®5 Q[u _1 ] =0. □ 

Corollary 5.12 (Conjecture 15.51 for split primes). let p be a prime, which 
splits in K and assume that p \ 6. Then, for any height one prime ideal 
qCfi with p G q, one has 

H\o[i/pf],n(i)), = o. 

6. Proof of the A-main-conjecture 

In this section we prove the A-main-conjecture as formulated in theorem 
1531 

6.1. Reduction to characters of big enough level. Let \ '■ G(fx) ~^ ^* 
be a character of conductor f x and let o be an integral ideal prime to 6pf x . 
Consider the submodule A ( a C(x)) C i? 1 (£># [1/p] j A(x)(l)). 

Lemma 6.1. Consider a continuous character g : T — > 0* T/ien £/ie 
twisting map of lemma \4- 7| maps a C(x) to 

a Q(XQ)^H\0 K [\/plK{ X g){l)). 

In particular, JQ(x) *s mapped to JQixo) and the A-main-conjecture is 
compatible with twists. 

Proof. As the twisting morphism maps the generator t p (x) to t p (xp), this 
is a direct consequence of the construction of a ((x) i n 13.51 (see also [HoKij 
section 1.2). As A(x) = A(xq) as Gal(A^/A')-modules, it is clear that 

RT(0 K [l/p],A( x )(l)) = RT(0 K [l/ P ],A( X g)(l)). 

□ 

This lemma allows us to reduce the A-main-conjecture for x to the one 
for r] := XQ using the isomorphisms in 14.71 Choose g such that the level of 
V = XQ is big enough. This gives: 

Corollary 6.2. To prove the A-main-conjecture, it suffices to consider char- 
acters rj of level big enough. 
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6.2. Divisibility obtained from the Euler system. In this section we 
use the Euler system defined by the elliptic units to prove one divisibility in 
the statement of the A-main-conjecture. We consider characters r\ of level 
big enough. 

Let us define a subgroup of H 2 (Ok[^/p],A(t])(1)), which plays the role of 
the Selmer group. 

Definition 6.3. Let 

H 2 (O K [l/p],A( V )(l)) :=ker [ H 2 (0 K [l/p], A(r,)(l)) - H 2 (K V , A(t/)(1)) 



l '\p 



The theory of Euler systems gives: 



Theorem 6.4. Let rj be a character of conductor f„ and level n, chosen so 
big that O p {rj) is ramified at all places v \ p, then: 

1) H 2 (0 K [l/p],A(r))(l)) is A -torsion. 

2) fl^Ojrjl/pj.A^Xl)) has Ao-rank one. 

3) H l (0 K [l/p],A( V )(l))/Aoaav) is A -torsion. 

4) Identify the Aq- determinants of the torsion modules 

H 2 (0 K [l/p],A(n)(l)) and^ 1 (0^[l/p],A(r / )(l))/A 0a C(r / ) 

with invertible submodules of the total quotient ring Q(Aq). Then: 

Det Ao (Hi(0 K [l/p},A(r,)(l))) C Det Ao (H\0 K [l/p], Afa)(l))/A 0fl Cfa)) • 

Proof. This is a consequence of the theory of Euler systems. We follow 
the exposition in Rubin, as this is closest to our setting. Let us begin 
by checking the hypothesis Hyp(AT 00 /AT) and Hyp(i(' 00 , O p (rj)(l)) in Rubin 
[Ru3| 2.3.3. This is clear for Hyp(AT 00 /A') as K is imaginary quadratic. For 
Hyp^oo, O p (r])(l)) we take r = id. We also remark that it is clear from 
the definition that Hq(Ok[1/p], A(ry)(l)) = X^ in Rubin's notation. As our 
element a C( n ) is non-torsion by 13.91 the Theorem 2.3.2 in |Ru3] implies that 
Hl(0 K [l/p),A(rj){l)) is A -torsion. As H 2 (K Vl A(n){l)) for v \ p is A - 
torsion by lemma l4~6l it follows that H 2 {Ok[^-/p],A{t]){\)) is A^-torsion as 
well, which shows 1). To show 2) note that H (O K [l/p], A(r))(l)) = by 
(|14h . Then, 2) follows from the formula 



rk Ao H\0 K [l/p],A(rj)(l)) - rk Ao ^ 2 ((9 A '[l/p], A(r / )(1)) = 

rk 0p H 2 (0 K [l/p], O p ( V )(l)) - Tk 0p H\0 K [l/pl O p ( V )(l)). 

(see [Tsj prop. 9.2. (3) for example) and 

vk 0p H 2 (0 K [l/p],O p (n)(l)) -ik 0p H l (0 K [l/p],O p (n)(l)) =rk 0p O p (n) = 1 

(see [Ja] Lemma 2). As Ao( a ((n)) C ^(Ok^/p], A(r/)(1)) is a non-torsion 
submodule by 13.91 we get 3). For the statement in 4) we have to consider 

ind Ao ( a C(r ? )) := {<t>U(v)M G Hom Ao (H 1 (0* [1/p] , A(r/)(1)), A c ) 
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as defined by Rubin in [Ru3] p. 41. Our H\O k \L/p], A(r?)(l)) is Rubin's 
H^K, O p (rf)(l)) by [Ru3] Corollary B.3.5. By the structure theory of A a - 
modules, we can find a pseudo-isomorphism 

H l {0 K [l/plA{r,)(l))^A ®H 1 (0 K [l/plA(r 1 )(l)) tors . 

Let 4> : H 1 (Ok[^/p], A(r/)(1)) - * Ac be the projection onto Aq, then the 
kernel of <f> is torsion and one has an exact sequence of A^-torsion modules 

_> ker</> -» ^(^[l/p], A(77)(l))/Ao C(7?) -» Ao/Ao^aCfa)) -» 0. 

This gives inside Q(Ao), using Det7 ker <fi C Ao, 

Det^ (H\0 K [l/p],A(ri)(l))/Ao a av)) C 0(«Cfa))Ao C ind Ao ( a C(r ? )). 
Finally, theorem 2.3.3 in |Ru3j shows 

ind A (aC(^)) C DetX^o 2 (0/<[l/p], A(77)(l)), 
which gives statement 4). □ 

Next, we strengthen the divisibility of theorem 16.41 For this, we need a 
lemma: 



Corollary 6.5. Let r\ be as in theorem \6.4\ Under the isomorphism 

Q(Ao) a ((v) - H\O k [1/ P ], A(r/)(1)) ® Ao Q{K ) 
one has an inclusion of A@ -modules 

Det Ao (H 2 ((D K [l/p},A(r,)(l))) C Det Ao (H\O k [1/ P ], Afa)(l))/A 0fl Cfa)) . 
Proof. By definition of ^q(Ok[1/p], A(ry)(l)) we have an exact sequence 
- fl*(Cte[l/p],Afa)(l)) - if 2 (Oi.[l/p], Afa)(l)) - 

-0 #*(*„, Afa)(l)) 

By lemma BTBI the modules H 2 (K V , A(r/)(1)) are finitely generated p -modules 
and hence pseudo-null. It follows that inside Q(Aq) 

VetllHl{0 K [l/p],A{n){l)) = Det^# 2 (0tf[l/p], Afa)(l)). 

This, together with the vanishing of H°(Ok [1/p], A(?7)(l)) by ([Ll|) and the 
divisibility in theorem 16.41 gives the result. □ 

6.3. Reduction to the Tamagawa number conjecture. In this section 
we reduce the A-main-conjecture 15.21 to the Tamagawa number conjecture. 
In this section r\ is a character of conductor f„ and level n, chosen so that 
O p {rj) is ramified at all v \ p. 

Observe that Aq is a product of regular local noetherian rings, so that we 
can use the functor Div from 11.31 Consider the inclusion of perfect complexes 

(19) k v : Ja((( V )) - RT(O k [1/ P },A(t,)(1))[1]. 



32 JENNIFER JOHNSON-LEUNG AND GUIDO KINGS 

To compare this with the divisibility results obtained from the theory of 
Euler systems, we also consider the inclusion 

By theorem 16. 4\ both k v and t v are isomorphisms after tensoring with 
Q(Aq), hence k v and t v are good as defined in 11.31 and we can consider 
Div(K r? ) and Div(r r? ) on SpecA©. Applying (|2|) to K n one gets 

Det Ao (^A(C(^)))(Div(^)) = Det Ao (RT(0 K [l/p], A(7?)(l))[l]) . 

In the same way 

Det^ (Ao(aCfa)))(Div(7-„)) = Vet Ao (J A (C(v))) 

and we have 

Div(K r? o t^) = Div(r r? ) + Div(/c T/ ). 
By 16.41 the divisor Div(K^ o t v ) is effective. 

Lemma 6.6. The divisor Div(r^) is effective and we have 

(Na- a a )- 1 Det Ao (A ( Q C(7 ? ))) = Det Ao (JA(C(^)))- 
Proof. Consider the inclusions 

AoU(v))cMa V ))cA (av)). 

As the quotient of the last inclusion is pseudo-null, we get 

DetAo (,7A(Cfa))) = Det^ (Ao(Cfa))). 
We have an exact sequence 

-► AoU(v)) -► Ao(C(t?)) - A /(No - a a )A - 0. 
It follows 

DetAo (Ao(CW)) = (Na-a a )- 1 Det Ao (A ( a C(r / ))). 

□ 
With this result, we see that Div(K^) is effective as well and one has 
Det Ao (Ja) C Det Ao (v7A)(Div(K„)). 

The statement of the A-main-conjecture is that Div(K^) = 0. To show this 
we consider all characters rj of level n big enough at the same time. Recall 
that K n (j v ) is the compositum K n K(f v ) and that we defined G n (f I/ ) := 
G&l(K n (f v )/K). As the divisors Div(K r? ) are effective, they vanish precisely 
when 

^Div(O = 0, 
v 
where the sum is over all rj € G n (f r? ) \ G n _i(f r? ). From the above we have 

iDet Ao (J A (C(v))) C (g)Det Ao (RT(0 K [1/ P ],A( V )(1))[1}) , 
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where the tensor products are again taken over n G G n (f v ) \ G n _i(f T) ). By 

the above lemma this can be formulated as follows: 

(20) 

(g)(Na-a a )- 1 DetA (Ao(aC(r/))) C (g) Det Ao (UT^l/p], Afa)(l))[l]) ■ 

V V 

To show that this is an equality of line bundles on SpecA© we use Nakayama's 
lemma. Consider the augmentation map 

i : Aq -f Op. 

We denote also by i the induced map i : Spec0 p — > SpecA©. We have to 
show that after applying Li* to both sides in (|20h we get equality. 



Lemma 6.7. Lei t 5e as above, then Li*{Kn ° t„) is the map induced by the 
inclusion a ( K (r)) G H l (0 K [l/p],O p (r)){l)) 

Ll*(k v o t v ) : O p Uk(v)) - RT(O k [1/ P ], O p ( V )(l))[l]. 

Proof. The map i : Kq — > O p induces a map of G&\(K /K )-modules 

Afa) - O p (r?) 

and hence an isomorphism 

Ll*RT(O k [1/ P ], A(r/)(1)) - OT(0^[l/p], O p fa)(l)). 

Using the definition of aC(??)> we see that Ll*(k v o l ti ) is the map induced by 
the inclusion a ( K ( V ) G H x (0 K [l/p],O p (rf)(l)) 

Ll*( Kv o t „) : O pa ( K ( V ) -► i?r(0 K [l/p], p fa)(l))[l]. 

□ 

As the map A(r/) — > O p {rj) maps 7 <g) £ P (??) 1— ► vdftpiv) we see that 

((No - a )- 1 Det Ao (A ( a C(r ? ))))^ Ao O P = (Na-r ? - 1 (a))- 1 Det 0p O p ( a Cx(r?)) 
we get after applying Li* to both sides in ([20]) : 

)(Na-7 ? - 1 (a))- 1 Deto p O P (aCx(r?)) C (g)i?r(0 A -[l/p],O p (r ? )(l)), 



where 77 G G n (f^) \ G n _i(f r? ). Application of corollary 13.101 to L = X n (f^) 
and -F = i ; f n _i(f r? ) gives that this is in fact an equality. This ends the proof 
of the A-main-conjecture. 

7. Proof of the ^-main-conjecture 

The proof of the Q-main-conjecture essentially reduces, using an obser- 
vation of Burns and Greither, to the A-main-conjecture plus conjecture 15.51 
which, as we stress again, is a theorem in the case where p is split in K and 
p does not divide 6. 
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7.1. Preliminary reductions. Recall that Q = A(£ f ) = Z P [A][[S,T}]. 

Lemma 7.1. Let O p contain the values of all characters of A, then it suffices 
to prove [5?7| for Qo- 

Proof. Inside Detail 1 (0 K [l/pf], fi(l))<g>Q(ft) we have two ^-modules Det Q Jn(C(f)) 
and Detf2-Rr(0ft-[l/pf], fi (l))[l]. To check that they are equal, we can 
make the faithfully flat base extension — > £le>. □ 

We assume now that O p contains the values of the characters of A. We 
need the following result about the ring Q,q = O p [A][[S', T]]. 

Lemma 7.2. The normalization Qo of Qp inside of Q(flo) is given by 

^o=U A(x). 

In particular, Qq ®o p E p — ^o ®o p E p . 

Proof. This follows from the fact that Qq c[] f j -Mx) an d that the latter 
ring is normal. □ 

We can now prove the first part of the equivariant main conjecture 15.71 

Corollary 7.3. The module H 2 (C>K[l/pf], ^o(l)) is an Q,Q-torsion module 
and H l {OK[^/pf\, fio(l)) has Q,Q-rank one. 

Proof. It follows from [Fu-Kaj 1.6.5 (3) that 

(21) RT(o K [i/pf],n (i)) ®h &o = RT(o K [i/pf\,n (i)) 

and as H (O K [l/pf],n o {l)) = (by flUD) this implies that 

H 2 (o K [iM],n o (i))0n o n o = H 2 (o K [i/pf],n (i)) - J] H 2 (o K [i/pf],A( x )(i)). 

X6A 

We have an exact sequence 

H 2 (0 K [l/p], A( X )(1)) - H 2 (0 K [l/pf), A(x)(l)) - ^(«(0, A(X) 7 ') 

[|f,[fp 
and by 15.21 the first module is a torsion A^-module. The last one is the 

cokernel of A@ ► Aq, which is also torsion. This shows that 

H 2 (0 K [l/pj],tt (l)) is torsion. As Q{Vto) = Q(&o), it follows that 

H 2 (0 K [l/pf],n (l)) ®n Q(Oo) = o, 

which proves that H 2 (O k[^- / pf\, ^o(l)) is f^-torsion. Moreover, one gets 
from (I21j) an exact sequence 

Tor^(F 2 (OK[lM],fi o (l)),0 o )^F 1 (OK[lM],fi o (l))®n o ^o^ 

-►^(cWMMi))- 
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We have 

H\o K [i/ P },n (i)) ^ H\o K [i/ P f],ho(i)) - 0#°(«(Q,n§) 

tif,%> 

and the last group is zero as the Frobenius acts non-trivially on VLq- It 
follows from 17.21 and 15.21 and the fact that H 2 (Ok[L/pJ], ^o(l)) is a torsion 
module that i7 1 ((9/<[l/pf], f^o(l)) has f^o-rank one. □ 

To prove the rest of the equivariant main conjecture 15. 71 we want to use the 
following lemma taken from Flach [FT] (recall that Aq and Qq are products 
of local rings): 

Lemma 7.4 ([PI] 5.3). Let R = A@ or R = Qq and Q(R) be the total quo- 
tient ring. Let M and N be two invertible R-submodules of some invertible 
Q(R)-module D, then M = N if and only if for all height 1 prime ideals q 
of R one has M q = Nq inside D q . 

Inside Q{£lo) we have two rank one f^o-modules: 

Det Qo (F 1 (O^[lM],0 o (l))/J n (C(f))) and Betn (H 2 (0 K [l/pf}, n c (l))). 

To show that these are equal we can by 17.41 localize at all height one primes 
of VLq- We distinguish two cases following Burns and Greither: 

Definition 7.5. A prime ideal q C £Iq of height one is called regular if 
p £ q. If p 6 q, the prime ideal is called singular. 

The proof of the O-main-conjecture in these two cases is given in the next 
two sections. 

7.2. Proof for regular prime ideals. First note the following consequence 
of lemma 17.21 

Lemma 7.6. Let q C £Iq be a regular prime ideal of height one, then 

(no), = (n ) q = J] A (x) q - 

Proof. As p is invertible in (Oe>)q both rings are localizations of Oo ($>o p E p 
resp. Qe> ®O p E p , which agree by lemma I7T21 D 

It follows that for regular q (using again |Fu-Ka] 1.6.5. (3)) 

RT(o K [iM],n (i)) q - RT(o K [i/pf],n (i)\ = n Rno K [i/ P f], A(x)(l))q- 

xeA 

Lemma 7.7. The image of Jh(C(f))q C ^(O^-fl/pf], ^ei(l)) q under the 
isomorphism 

H\0 K [l/pf],no(l)), ^ n ff 1 (o Jf [i/ P fl,A(x)(i)) (| 

xga 
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is given by 

n>A(C(X,f))q 

xeA 

with C(Xif) defined in corollary I 5. 31 

Proof. First note that (J7n) q = (^e>) q = n g A^Wi an< ^ ^at ^ e ma P 
(tto)q -> A(x) q is given by the projector p x -i. Recall that a C(x) = ^ n a(K n {x) 
and that C(f) = um a (fp n - Let f x be the conductor of x- By definition 
a C,K n {x) = ^K(f x p m )/KnaCf x p 7n ^ where m is the smallest integer such that 
K n C K(f x p m ). Let t be the smallest integer such that K(f x p m ) C Ktfp 1 ). 
The distribution relation gives 

teK(frt)/K n (a(fpt ®tp(x)) = II C 1 ~ X(0 Fro br 1 )aCftr„(x)- 

Consider x as a character on G := ker(G(fp ) — > G n ). By lemma [37T1 with 
G = G and H = G n we get that tr K(fp i )/E - n ( a C fp i ® t p (x)) = p x -i{ a (frt). 
This implies that the map 

i/ 1 (^[lM]^o(l))q - H\0 K [l/p% A(x)(l)) q 

maps C(f) to ri[|f,[{p( 1 -x(0 Fl ' ob r 1 )oC(x)- The last element is C(x, f) defined 



in corollary 15.31 □ 

Consider the map 

(« f ) q : MC(f)h - Rr(o K [iM],n (i)) q [i]. 

Using the above lemma this coincides with 

n^x)q = n ^v(c(x,f)) q - n «r(odi/ppw(i)), 

xgA x gA x gA 

By corollary 15.31 each k x induces an isomorphism 

Det (Ao)q (F 1 (O i ,[lM],A( X )(l)) q /J A (C(x,f)) q )^Det (Ao)q F 2 (^[lM],A( X )(l)) q . 
This proves the Q-main-conjecture for regular prime ideals. 

7.3. Proof for singular prime ideals. Let q C £lo be a singular prime 
ideal (i.e., p G q). Then by our assumption H 2 (C>K[l/pf],Qo(l))q = and 
we get 

Bet ino ^RT(0 K [l/pf],no(l)) q [l]=Bet {no ^H\0 K [lM},no(l)) q . 
Consider 

(«f) q : Jh(C(f))q - iff^tl/pfl^oW), 
This gives, as by the above the divisor Div(K^) q is effective, an inclusion 

(22) Det (no)q Jh(C(f))„ C Det^^^l/pf],^!)),. 
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We now use an idea of Witte. Choosing generators for both modules we see 
that there is an element u £ (^o)q such that 

Det ( n o)q Jh(C(f))q = uBet {no)q H l (0 K [lM},no(l)) q . 
We want to show that u is a unit in (£lo)q- Consider the normal ring 
homomorphism (f2e>) q — > (fio)q. An element u € (^o)q is a unit if and only 
if it is a unit in (Oo),,. Thus it suffices to show that after extending scalars 
in ([22]) we get an equality. By lemma E3 the map (Kf) q decomposes after 
this base extension into 

I]>x)q : II ^(C(X,f))q - II RnO K [lM],Hx)(l)) q - 

xeA x gA x gA 

By corollary 15.31 each k x induces an isomorphism 

Det (Ao)q (F 1 (0 K [lM],A(x)(l)) q /JA(C(x,f)) q )^Det (Ao)q F 2 (C[l/pf],A(x)(l)) q . 

This shows that the element u E (Qo)q becomes a unit in (Oo)q. Thus u 
is already a unit in (f2e>) q and we get equality in ([22]) . which proves the 
O-main-conjecture for singular prime ideals. 
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